Abstract: Surfactant micelle should typically be regarded as a small system characterized by non linear homogeneity of the thermodynamic functions. Aqueous micellar solutions of single component ionic surfactant with an electrolyte added have been treated by the small system thermodynamics. The functional form of chemical potential m M of interacting micelles in solution has been determined. The aggregation number distribution and the mean degree of counterion binding b of ionic micelles are discussed in detail, in which the condition to make b constant at given T and P is obtained. Corrin-Harkins equation and its linearity have theoretically been discussed in relation to the definitions of critical micelle concentration. The gradient of linear Corrin-Harkins plot can to good approximation presume the value of b of micelles in solutions at concentrations higher than CMC as well as at CMC.
Introduction
Micellar solution of surfactant is treated as an ensemble of completely open micellar small systems dispersed in monomeric solution. Small system thermodynamics (1, 2) should give the following equation of Gibbs-Duhem type to an ensemble of N M micellar small systems of c components in solution (see Appendix 3 1).
[1a] where Tanaka   where and . The aim of the present paper is to reexamine and reinterpret the application of small system thermodynamics to surfactant micelles in solution (1) (2) (3) by the use of eq. [1] and eq. [2] .
Hill (1) pointed out that the small system thermodynamics cannot be applied to the ensemble of small systems which interact significantly with each other. Hall and Pethica (2) applied the small system thermodynamics to an ensemble of N M non-interacting multi-component nonionic micellar small systems in solution. It should be noted that there are some ambiguities left in their theories, for instance, in the expression of m M . Hall and Pethica (2) expressed m M of noninteracting micelles as [4] where is the mean reference Gibbs free energy of micelles, and . Hill (1) used the same form of equation as eq. [4] , in which are used`G =`G (T, P,N i , sc) and in stead of x M , where sc denotes solvent composition.
It seems problematic to regard the reference free energy`G as being an explicit function of N s i or sc as well as T, P and`N i . This only serves to make things complicated. After having done complicated and ambiguous discussions, Hall and Pethica (2) came to make an approximation thatG ≈`G(T, P,N i ). It should be stressed here that such ambiguity about the reference free energy can completely be removed by the Gibbs-Duhem type equations [1a] and [2a] being applied.
It is reasonable to assume Raoult's law holds for solvent water 1 and Henry's law for monomeric solute species in solution of noninteracting micelles (4) . Chemical potentials m [5b]
where . Substituting eqs.
[5a] and [5b] in eq.
[1a] at given T and P, and using an identical equation
, we obtain which shows that should be a function of T, P and`N i . Let the function be`G (T, P,N i ). We obtain the following form of equation for m M in stead of eq. [4] [ 6] and obtain the equation for G =`G(T, P,N i ) to obey [7] where are used m , we obtain for µ r [8] It should be noted here that we can not find any evidence for eqs.
[1a] and [2a] to be restricted to ideal solutions of non-interacting small systems. It is possible to use eqs. [1a] and [2a] in order to know thermodynamically reasonable functional forms of m M and m r of interacting micellar small systems in solution.
According to the intuition coming from the macroscopic solution thermodynamics, it seems useful to express m s i , m M and m r in solutions of interacting micelles mathematically in the same form as ideal equations [5a], [5b], [6] and [8] in which the mole fractions are simply replaced by the activities as the followings. [10]
[11]
After complicated discussion, Hall (5, 7) made an assumption that [12] It is obvious that eq. [12] should hold if all micellar species M r have the same activity coefficient, i.e. g r = g M for all r. Hall pointed out that g r = g M is most likely to be valid for micelles which approach monodispersity with respect to size and composition.
The properties of activity coefficients g 
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should generally be determined so as to be compatible with the property of`G of the reference state chosen. It is reasonably possible to take the reference free energy `G so as to obey an equation of the same form as ideal equation [7] so thatG =`G (T, P,N i ). This at once results in eq. [12] from eq. [10] . Then eq. [12] is not an assumption but a necessary condition for g r to be compatible with`G =`G (T, P,N i ) It can be seen from eq.
[10] and eq. [12] being reexamined that g r = g M may hold for polydispersed micelles as well as for monodispersed ones. Using eq. [12] in eq. [11] in any way, it is possible to apply the result to micellar solution of ionic surfactant D 23 with an electrolyte X 34 added, and to obtain the following equation. [13] where is used m i = m s i . It is reasonably assumed here as in ref. (7) that the presence of solvent water 1 can to good approximation be ignored in micelle formation, and the counterions 3 are either bound on the surfaces of micelles to neutralize much of surface charges of micelles formed from the aggregation of the surface active ions 2, or are free in solution, and non surface active simili-ions 4 are not present in micelles.
Using in eq. [13] at given T and P, we obtain the following approximate equation [14] where the ionic micelles are assumed to have sufficiently large`N 2 so that may approximately be ignored. And is defined as the mean degree of counterion binding of the ionic micelles. If b is constant at given T and P, eq. [14] is integrated to [15] It should be stressed that linearity of eq. [15] has experimentally been verified in micellar solutions of various ionic surfactants (8) (9) (10) (11) (12) . b ≈ b (T, P) is an important clue to understand the behaviors of ionic micelles in solution. Small system thermodynamics can theoretically derive the condition that b = b(T, P) from the size distribution of micelles in solution.
Corrin-Harkins (C-H) equation (13) is an experimental equation just concerning the critical micelle concentration (CMC) suitably defined, which is written as the following (14) . [16] where C X is the concentration of an added electrolyte, and C t 3 = (CMC)+C X is the total concentration of counterion 3 at C t 2 = (CMC). It is shown here the C-H equation [16] can approximately be derived from eq. [14] by the transformation of (a . And it is examined here in detail that if eq. [16] is experimentally found to be linear, the gradient k CH is to presume the approximate value of b at concentrations higher than (CMC) as well as at (CMC).
It should be noted that the experimental (CMC) data can have sufficient arbitrariness so as to make CorrinHarkins plot be linear.
Hall (3, 15) applied Kirkwood-Buff statistical theory (16) together with the small system thermodynamics. Small system thermodynamics is based on the constitution of an ensemble of small systems, which is closely connected to the ensemble theory in statistical mechanics. So the small system thermodynamics can do considerable degree of presumption about the properties of small systems. It will be of large value to devotedly apply the small system thermodynamics to the ensemble of interacting ionic micelles in solution up to the limit of its applicability, without using any other statistical theories.
Theoretical
As mentioned above, intuition from macroscopic solution thermodynamics gives the following equations to non ideal m [17b]
[18]
[19]
Eq. [19] is rewritten to as ; [20] where m N r is the new reference free energy defined as [21] From eq.
[2b] and eq. [20] , we obtain 
G T P kT a
[22b] Using eqs. [18] and [20] [26]
[27] Suitably substituting eqs. [17] and [18] in eq. [26] and eqs. [17] and [19] in eq.
[27] at given T and P, we obtain [28] [29]
In general, the property of activity coefficient should be determined by what reference state to be chosen (see App. 3 2). It is reasonably possible to take the reference Gibbs free energy `G so as to satisfy the equation of the same form as the ideal eq. [7] It should be noted here, as will be shown later, that g r = g M for all M r does not always mean the monodispersity of micelles such as suggested by Hall (5, 7) .
On the other hand, subtracting eq.
[27] from eq.
[26], we obtain another important equation [37] Substituting the exact differentials dm M and dm r obtained from eqs. [18] and [20] in eq.
[37], and using eq. [24] in the result, we obtain essentially the same equation as eq. [10] derived by Hall.
[38]
Taking the reference free energỳG so as to satisfy eq.
[30] in eq.
[38], we obtain eq. 
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Putting ln h r = 0, we obtain from eqs. [21] , summing over all r and suitably rearranging the result, we obtain the dependency of total concentration of monomeric 2 in micellar form on T, P and m i as follows.
[54]
It will be found that eq. [54] is the equation useful to treat the temperature and pressure effects on solubility of ionic surfactants in water (17) , which will be reported elsewhere.
It should be noted here that eqs.
[39] ~ [54] have been derived for polydispersed micelles on the basis of the condition g r = g M . It is obvious here that g r = g M does not always mean the monodispersity of micelles as suggested by Hall (5,7). In order to compare physicochemical property among solutions, it is reasonable to take a series of micellar solutions with the same value of a M at different concentrations of added electrolyte X 34 at given T and P. Putting dlna M = 0 in eq.
[55], we obtain the equation to express the dependency of ln a s 2 on lna s 3 in such a series of ionic micellar solutions at given T, P and a M .
[56]
If b = b(T, P, a M ), eq.
[56] can be integrated at given T, P and a M to a linear equation with an integral constant I(T, P, a M ) as follows.
[57]
Linearity of eq.
[57] at given T, P and a M has experimentally been verified (12) .
If the ionic micelles have sufficiently large`N 2 so that may relatively be ignored in eq.
[55], eq.
[56] and the equation of same form as eq.
[57] also hold to good approximation at given T and P.
As mentioned in the introduction, approximately linear decrease of lna s 2 with increase of ln a s 3 at given T, P is the experimental fact that has been found in various ionic surfactants (8) (9) (10) (11) . It can be concluded from these that b = b(T, P, a M ), or b ≈ b(T, P) for micelles with sufficiently largèN 2 .
Condition for b to be constant is discussed here in the following way. At given T and P, eq.
[53] can be rewritten as follows.
[58a] 
On the other hand, eliminating dlna s 2 from eq.
[58a] by use of eq.
[54] at given T and P, we obtain an equation equivalent to eq. (80) in ref. (15) of Hall.
[63]
where a = . The condition for a to be kept constant with the change of counterion concentration is mathematically given as follows.
[64] from which we obtain just the same condition as eq.
[62] (App. 3 4) .
It is problematic that Hall (15) daringly avoided to directly examine the mathematical condition [64] for a to be constant, and made roundabout and ambiguous discussion in order to explain that . The following relations hold under the condition [62] at given T and P.
[65a]
[65b] ≈ C X ≈ c 3 . Procedures from now on are along lines similar to Hall's method applied to treat ideal multi-component micelles of nonionic surfactant (6) .
At given T and P, eq.
[54] is rewritten for k as follows [74b]
In solutions dilute in micelles, to omit the last term in eq.
[72b] will not bring about so large error in the discussions hereafter. It will not be so rough approximation to write dC t k for k = 2, 3 at given T and P as follows.
[ Eq. [83] shows thatN 2 increases with increase of C X at given C t 2 , and increases with increase of C t 2 at given C X . The increase of`N 2 with C X is consistent with the behavior of weight average aggregation number as is obtained from the intercept of assumed linear Debye plot in the light scattering of micellar solutions of various ionic surfactants (18, 19) . While the increase of`N 2 with increase of C t 2 at given C X is not consistent with the assumed linearity of Debye plots which requires the aggregation number to be kept constant.
It has been found that Debye plots for micellar solutions of various nonionic surfactants are not linear, especially in the vicinity of CMC, which is well explained by the increase of`N 2 with increase of C t 2 (20) . It seems necessary to strictly reexamine the applicability of assumed linear Debye plot to get the mean aggregation number of completely open (T, P, m i ) small systems in solution.
Eq.
[67] shows that`N 2 of monodispersed micelles is kept constant with promotion of micelle formation. It is apparent that only if micelles are monodispersed, mass action law holds for the formation of ionic micelles in the form . It seems problematic that Philips (19) assumed the monodispersity of ionic micelles and used the law of mass action in his excellent definition of CMC. It is convenient to define CMC as the total concentration C t 2 of surface active ion 2 at a point within (CMR) at given T, P and C X . Such a definition of (CMR) is quite arbitrary, but should correspond to a concentration easily identified by experiment.
Definitions of CMC have been given by Phillips (19) and Corrin (21) . Along lines similar to the definition of Philips, CMC may be taken to as being a point satisfying the following condition in (CMR).
[86] from which we obtain the relations at CMC [87] Putting the right hand side of (85b)=0.5, we also obtain the same relation as eq. [87].
6 Corrin-Harkins Equation
It is possible to take points having a certain same value of a M in the respective (CMR)s for different concentrations of added electrolyte at given T and P. It should be noted that problematic phase separation model (22) for micelle formation is never used here to treat the Corrin-Harkins equation. .
It is possible here to take a series of micellar solutions at CMCs for different added electrolyte concentrations, (CMC)s being respectively defined as the total surfactant concentrations at points of a certain same value of a M within the respective(CMR)s. It is apparent that eq. [102] where x may be defined as the degree of micellization at given T and P.
Putting d ln x = 0 in (101), we obtain the following equation that holds for a series of micellar solutions at the same degree of micellization x at different concentrations of added electrolyte.
[103a]
[103b] where b* is defined as Ooi's light scattering equation (25) is useful to analyze the light scattering data of micellar solutions of an ionic surfactant with an electrolyte added at sufficiently high concentration (6, 12) , in which the free counterion concentration can to good approximation be treated as equal to the concentration of added electrolyte. [A1]
[A2]
e is referred to the subdivision potential of micellar small systems.
[A1] is rewritten to where y r is the probability distribution function of polydispersed micelles defined as [A14] shows that an aqueous micellar solution of single component ionic surfactant D 23 with an electrolyte X 34 added should have 2 independent variables at complete equilibrium at given T and P. [A15] shows that is a function of T, P and`N i . Let it be`G(T, P,N i ). We at once obtain the same form of equation as eq. [18] 
